security  CLASSIFICATION  OF  THIS  PAGE  ftWi.n  Dmim  Enlmred) 

J REPORT  DOCUMENTATION  PAGE 

l|  READ  INSTRUCTIONS 

BEFORE  COMPLETING  FORM 

l.^JtEPORT  NUMBER  _ . i.  Qpi£I_A««.SSION  |10^. 

^ AFe^SRjlTR- 7 7 - 1 ^ 94^^ 

3.  RECIPIENT’S  CATALOG  NUMBER 

‘4:  TITLE  Subtlll*) 

>-^JYPE  of  report  ft  PERIOD  COVERED 

, jyLB  pESIGNS  WITH  VARIABLE  SUPPORT  SIZES  WHEN  ( 

iJ  Interim  . . / 

oLOCKS  ARE  OP  SIZE  THREE.  , — _ 

6.  performing  ORCrREPORT  NUMBER 

7.  AUTHORCe; 

a.  contract  OR  GRANT  NUMBERr*; 

A.^  Hedayat  j 

^7^- AF0Sr3-305,0  - 

*.  PERFORMING  ORGANIZATION  NAME  AND  ADDRESS 

University  of  Illinois  - Chicago  Circle 
Department  of  Mathematics 
Chicago,  Illinois  6O68O 

10.  PROGRAM  ELEMENT.  PROJECT.  TASK 
AREA  ft  WORK  UNIT  NUMBERS 

61102f/ 

II.  CONTROLLING  OFFICE  NAME  AND  ADDRESS 

Air  Force  Office  of  Scientific  Research/NM  ,-'7  . 

Bolling  AFB,  Washington,  DC  20332  >> 

.13.  wtmrertR  6P  pages  ' 

25 

14.  MONITORING  AGENCY  NAME  & AODRESSfll  di Iterant  Irom  Controltind  Ollice) 

15.  SECURITY  CLASS,  (oi  thie  report) 

UNCLASSIFIED 

1$«.  declassification/ DOWN  GRADING 
SCHEDULE 

16.  DISTRIBUTION  STATEMENT  (ot  r/il«  Report) 


Approved  for  public  release;  distribution  unlimited. 


17.  DISTRIBUTION  STATEMENT  (ot  the  ebetrect  entered  in  Block  20,  il  dillerent  irom  Report; 


16.  SUPPLEMENTARY  NOTES 


19.  key  words  (Continue  on  reveree  eide  ii  neceeaery  end  identify  by  block  number) 

BIB  design,  support  of  BIB  design,  trade  off  method 


«e  a BIB  design  based  on  v treatments,  b blocks  each  of 
size  k has  support  size  b*  if  exactly  b*  of  the  b blocks 
are  distinct.  BIB  designs  with  b*  < b have  interesting  appli- 
cations in  design  of  experiments  and  finite  population  sampling^- 

eOlTION  OF  I NOV  IS  OBSOLETE 


I/- 


DD  1473 


UNCLASSIFIED^^  C> 


SECURITY  CLASSIFICATION  OF  THIS  PAGE  Fnlrrmdl 


SECURITY  classification  OF  THIS  PACgflWi»n  Dmtm  Enlmml) 


20.  Abstract 


— r 


as  explained  in  detail  in  Foody  and  Hedayat  (1977).  A method 
called  trade  off  is  introduced  which  is  very  powerful  for  the 
construction  of  BIB  designs  with  b*  < b.  This  method  is  applied 
to  the  case  of  v = 7,  k = 5.  ^For  this  family  of  designs  b must 
be  a multiple  of  7 and  the  results  are: 

1)  If  b = 7,  then  there  is  a unique  design  which  has 
b*  = 7.  This  is  a well  know  result. 

2)  If  b = 14,  then  the  only  possible  designs  are  those 
with  b*  = 11,13,14  which  are  exhibited  in  Table  1. 

3)  If  b = 21,  then  no  design  can  exist  with  b*  = 8,9,10,12. 
We  conjecture  that  there  is  also  no  design  with  b*  = 16. 
For  all  other  cases  we  have  exhibited  a design  in  Table  2. 

4)  If  b - 28,  then  no  design  can  exist  with  b*  = 8,9>10,12 
and  27.  We  conjecture  that  there  is  also  no  design  with 
b*  = 16.  For  all  other  cases  we  have  exhibited  a design 
in  Table  3. 

5)  If  b = 35,  then  no  design  can  exist  with  b*  = 8,9,10,12, 
30,32,33,  and  34.  We  conjecture  that  there  is  also  no  de- 
sign with  b*  = 16.  For  all  other  cases  we  have  exhibited 
a design  in  Table  4. 

6)  For  b*  = 30,32,33  we  have  found  designs  with  minimum 
niimber  of  blocks,  i.e.,  b = 42,  see  Table  6. 

7)  For  b =34  no  design  can  be  constructed  utilizing 
42  blocks.  The  existence  of  a design  with  b = 49 
and  b*  = 34  is  doubtful.  We  have  found  a design 

it 

with  b = 34  and  b = 56,  see  page  21. 
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1.  Background  and  Motivation.  Suppose  one  wants  to  run  an 
experiment  testing  and  evaluating  v = 7 treatments  based  on 
b blocks  each  of  size  k = 5.  Under  the  usual  horaoscedastic 
linear  additive  model  for  the  measurements  it  is  known  that 
the  best  possible  design  under  any  reasonable  statistical 
criterion  is  a BIB  design.  But  when  v = 7,  k = 3 for  a 
31B  design  to  exist  it  is  necessary  that  b be  a multiple 
of  7.  If  b < 7 or  b is  not  a multiple  of  7 "^hen  it 
is  sad  to  report  that  the  existing  literature  is  of  no  help 
to  the  experimenter.  If  b is  a multiple  of  7 then  the 
existing  literature  provides  the  follov/ing  solution.  For 
b = 7 there  is  a BIB  design.  One  such  example  is 

12k  561 

235  6 7 2 

3 4 6 715. 

457 

If  b - t7  then  by  taking  t copies  of  the  above  design  one 
would  obtain  the  necessary  design.  In  particular,  if  b = 35 
then  there  are  tv;o  choices,  viz.,  5 copies  of  the  above  de- 
sign or  taking  ~ ^5  possible  blocks  of  size  3 based 

on  7 treatments.  Note  that  a design  based  on  t copies  of 
the  above  design  consists  of  (supported  by)  seven  distinct 


blocks  only.  This  might  concern  the  experimenter  who  is  not 
sure  about  one  or  more  of  the  mixture  of  three  treatments 
listed  in  the  above  design.  If  it  is  not  possible  to  avoid 
these  mixtures  by  relabeling  the  treatments  then  insisting 
on  BIB  designs  the  only  course  of  action  left  is  to  search 
for  BIB  designs  v;ith  more  than  t distinct  blocks.  This 
leads  us  to  the  following  problem: 

Problem:  For  v = 7 treatments  is  it  possible  to  constnact 

BIB  designs  based  on  b = t?  blocks  each  of  size  k = 5 

)(. 

which  are  supported  by  7 < b ^ t7  distinct  blocks, 
t = 2, 3, 4, 5: 

Note  that  we  do  not  have  to  consider  cases  where  t > 6 
since  in  our  setting  we  can  have  at  most  (3)“  5(7)  distinct 
blocks.  As  we  shall  see  later,  fortunately  the  answer  is 
essentially  yes.  There  are  few  cases  which  no  such  designs 
can  be  constructed.  In  all  other  cases  where  the  answer  is 
positive  we  have  given  at  least  one  such  design.  To  solve 
the  problem  we  have  heavily  relied  on  a method  called  "trade 
off"  which  is  introduced  and  studied  in  Section  2. 


The  Method  of  Trade  Off 


blocks 


ice  k vjhose  eleiaents  belong  to  a set  n 


be  the  number  of  blocks  which  contain 


the  pair 


are  equivalent  fo 


hall  use  the  notation 


to  indicate  that  E 


For  example 


•he  following  two  collections 


covering  pairs 


are  equivalent  for  covering  pair 


Two  immediate  and  important  problems  related  to  the  concept 


of  equivalence  for  covering  pairs  are 


If  B,  « 3.,  then  what  do  we  know  about  n,  i.e 


For  given  k and  an  admissiable  n how  to  con 


truct  B 


For  arbitrary  k both  problems  arc  very  difficult. 
Here  we  give  a solution  when  k = 3.  In  regard  to  n we 


have  the 


'ollowing  result 


Proposition  2.1.  ^ k = 5 aj^d  n Bg  = <|)  thsn 

n 4 1,2, 3, 5. 

The  fact  that  n cannot  be  1,2  is  straightforward. 

The  case  of  n = 3 and  5 can  be  settled  by  a counting 
argument.  Also  for  n = 5 an  argument  depends  on  the  theory 
of  Euler's  triangulation  of  a compact  manifold  can  be  given 
which  will  be  reported  elsewhere. 

In  regard  to  the  construction  of  and  when 

n 4 1,2, 3, 5 we  have: 

Proposition  2.2.  If  k = 3 then  there  exist  B^  and  B2 
with  B^  I Bg  for  all  n 4 1,2, 3, 5. 

Proof:  It  suffices  to  construct  such  B^  and  B^  for 

n = r,6,7,9.  We  have  already  constructed  B^  and  for 

n = 4.  Examples  for  n 6,7  and  9 are  exhibited  below. 


125 

1 2 7 
- 1 3 6 

236 
5 5 7 

567 

12  6 
13  4 

157 
B^  = 2 3 5 

2 4 7 

3 6 7 

456 


123 
12  6 

B.2  = 1 5 7 , n = 6 

2 5 7 

356 
367 

1 2 7 

13  6 
145 

B.,  = 2 3 4 , n = 7 

256 

3 5 7 

4 6 7 


An  easy  technique  for  constructing  B 
4,6  and  6 are  given  here. 


n = 4;  Drav\'  the  following  figures 


Note  that  6 distinct  letters  are  used  in  naming  vertices. 
In  labeling  vertices  Fig.  1 and  Fig.  2 are  identical  except 
for  the  labels  of  the  center  vertices.  Form  and  B^ 

from  the  vertices  of  the  shaded  and  unshaded  triangles  re- 
spectively . 


Now  3.  S B.,  and  one  can  r 


numbers.  It  is  easy  to  argue  that  whenever  B 


arily  come  from  such  two 


to  construct  3 


each 


Let  blocks  of  3,  be  the  vertice 


haded  triangles.  Simi 


larly  form  B, 


from  the  unshaded  triangle 


By  noting  the  way  we  have  labeled  the  vertices  it  is 

2 

easy  to  argue  that  B^  « Bg  • 


'orm  r> 


Again  by  the  way  v;e  have  labeld  the  vex'tices  it  is  easy  to 


ee  that  B 


Before  we  give  an  application  of  the  concept  introduced 
we  need  a formal  definition  for  the  support  of  a BIB  design. 


8 


Let  d be  a BIB  design  vjxth  parameters  v,b,r,k,\ 
based  on  Q consisting  of  v distinct  elements.  Note  that 
the  definition  of  a BIB  design  does  not  require  that  its  b 
blocks  be  distinct.  Following  Foody  and  Hedayat  (1977)  we 
define : 


Definition  2 .1.  The  support  of  a BIB  design,  d,  is  the  col- 

* 

lection  of  distinct  blocks  in  d,  denoted  by  d . The  nurr,- 
ber  of  elements  in  d is  denoted  by  b and  called  the 
support  size  of  d. 

A BIB  design  with  parameters  v,b,r,k,X  whose  support 
size  is  b is  denoted  by  BIB(v,b,r,k,X jb  ). 

We  are  now  ready  to  indicate  how  the  stated  concepts 
and  results  could  be  utilized  for  the  purpose  of  increasing 
or  decreasing  the  support  size  of  a BIB  design.  Suppose  d 

'X'  'X' 

is  a BIB(v,b,r,k,X jb  ) with  support  d . Further,  suppose 

that  v;e  can  find  a collection  of  n distinct  blocks,  say 
* 2 

3^,  in  d such  that  there  is  a B2  « B^.  Let  the  cardinality 

* / N 

of  Bg  n d be  m.  Then  by  replacing  B^  by  Bg  (trade  off) 
we  obtain  a BIB(v,b,r,k,X jb  ) with 

b = b - 1 V,  x(i)  - (n-m)  1 
'-i=l 


where 


'x(i)  = 1 if  = 1 

= 0 if  f^  > 1 

with  f^  being  the  number  of  copies  of  the  i-th  block  of  B^ 


9 


in  d^.  Depending  on  the  choice  of  the  value  of  b 

* 

could  be  greater,  equal  or  less  than  b . We  shall  now  give 


three  examples  with  b < b , b 


**  * 
and  b > b , 


Example  2.1.  Consider  the  follovjing  BI3( 7, 14,6 ,3,2  1 14) 


d = 


12  3 

14  7 
156 
2 4 6 

257 

345 

367 


12  5 

15  7 
14  6 

234 

267 

356 

457 


B,  = 


123 

14  7 

2 4 6 

367 


Then 


^2  = 


12  4 

15  7 
236 
4 6 7 


In  this  example  d = d.  Bg  fi  d = [l37i  and  thus  by  trading 
off  B^  with  Bg  we  obtain  the  following  design 


10 


1^6 

2 5 7 

3 4 5 

12  4 

13  7 
2^6 

4 6 7 


12  5 

13  7 

14  6 

2 3 4 

2 6 7 

3 5 6 

4 5 7 


vjhich  is  a BI3(7j14,6,3,2  j 15)  and  thus  = 13  < b*  = 14, 

Note  that  the  resulting;  design  has  two  copies  of  (l,3,7j. 

Example  2.2.  Let  d be  the  following  BIB(7,14,6,3^2 i 11) . 


12  4 

13  7 

2 5 5 

4 5 7 

156 

2 6 7 

3 4 5 


123 

14  7 

245 

5 5 7 

156 
267 
3 4 6 


;f  vie  now  select  to  be 


then 


^2  = 


2 3 5 
2 6 7 
5 4 6 
4 5 7 


256 

257 
345 

4  6 7 


For  this  choice  of  B^  we  have  Bg  n d = 


(p  and  E X(i) 
i=l 


11 


and  hence 


b’ 

X"X 

11  - [4 

-(4-0)] 

* 

= 11  = b . 

Example 

2.5 

. Consider 

the 

following  313(7,14,6,5,2 i 11) 

1 

2 

4 

1 

2 

5 

1 

5 

6 

1 

4 

6 

2 

5 

5 

2 

4 

5 

d = 

4 

5 

6 

5 

5 

6 

1 

5 

7 

1 

5 

7 

2 

6 

7 

2 

6 

7 

5 

4 

7 

5 

4 

7 

For  the 

choice 

of 

1 

2 

4 

B.  = ^ 

5 

7 

2 

5 

5 

5 

4 

7 

we  obtain 

1 

2 

5 

®2  = ^ 
2 

4 

5 

7 

1 

4 

5 

5 

7 . 

Thus  by  trading 

off  B^ 

with 

B^  in  d we  shall  obtain 

1 

2 

5 

T 

2 

5 

1 

5 

6 

1 

4 

o 

1 

4 

7 

2 

4 

5 

4 

5 

6 

5 

5 

6 

2 

5 

4 

1 

5 

7 

2 

o 

7 

C 

6 

7 

5 

5 

7 

5 

4 

7 

which  is  a BIB ( 7,1'+ >6, 5, i 15)  and  thus  b = 15  > b =11. 
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3.  BIB  Deslt^ns  With  v = 7 And  k = 3.  Using  the  relations 
rv  Uk  and  X(v-l)  = r(k-l)  v.'hich  hold  in  anj''  BlB(v,b,r,k,\ ) , 
one  can  see  that  if  v = 7 and  k = 3 then  b must  be  a 
imiltiple  of  seven.  Thus  it  is  theoretically  interesting  and 
practically  useful  to  investigate  the  existence  and  construc- 
tion of  BIB  designs  with  all  possible  support  sizes  when 
b = l4,  21,  28  and  35-  Using  the  results  in  Section  7 of 
Foody  and  Hedayat  (l977)j  Theorc.7i  3.2  of  van  Lint  and  Ryser 
(1972)  and  results  of  Pesotchinsky  (1977)  it  can  be  argued 
that  there  is  no  BIB(7>b,r,3,\)  based  on  exactly  8,9,10,12 
distinct  blocks  (support)  no  matter  v;hat  the  total  number 
of  blocks,  b,  is.  When  b = 35  there  are  also  no  designs 
based  on  exactly  30,32,33,34  distinct  blocks.  These  latter 
conclusions  follow  directly  from  Proposition  2.1.  Lthen 
b = 28  there  is  no  design  based  on  exactly  27  distinct 
blocks  (see  Theorem  3-l).  It  seems  no  matter  v;hat  the  total 
number  of  blocks,  b,  is,  one  cannot  construct  a BIB  design 
which  is  supported  on  exactly  I6  distinct  blocks  if  v = 7 
and  K = 3-  In  all  other  cases  one  such  design  is  given  in 
Tables  1,  2,  3 and  4.  If  we  allow  b to  be  greater  than  35, 
then  it  is  possible  to  construct  BIB  designs  based  on  30,  32, 

33,  and  54  distinct  blocks  (see  Section  4). 


0 

,t| 

ii 


Theorem  j . 1 ♦ If  v = 7,  K = 5 then  there  is  no  deslsn  with 
b = 28  v;hlch  is  supported  on  exac t ly  27  distinct  blocks . 

Proof : The  proof  is  by  contradict j.on.  Let  Q = (l,2,...,7j» 

Assume  that  such  a design  exists.  Say,  the  eight  blocks 
missing  from  the  design  are  and  the  unique 

repeated  block  is  B^  = (1,2, 5j.  Since  \ - bk(k-l)/v(v-l)  = 4, 
every  pair  is  covered  by  4 blocks  in  the  design.  On  the  other 
hand,  every  pair  is  covered  by  5 blocks  in  the  complete  de- 
sign (i.e.,  taking  all  of  = 35  blocks).  Thus  B^,B,^,  . . . ,B0 
cover  all  the  = 21  pairs.  The  free  pairs  (l,2j,  {l,5j  and 
(2,3J  are  doubly  covered,  and  all  other  pairs  are  singly  covered. 
We  may  then  assume  that  3^  = [l,2,uj,  = (l,2,vj,  = (l,3,wj, 

3^  = (l,3,xj,  3^  = (2,3,yj,  and  = [2,3,zJ.  But  the  above 
covering  properties  of  these  8 blocks  imply  that  u,  v,  v?,  x, 
y,  z are  distinct  elements  from  the  4-element  set  (4,5,6,?j. 

This  is  a contradiction. 
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HHHHIHIHHHHHHI  IHHHirOHIHHHIHHrOlHIHrOI  VJ1 

ro 

HHHI  HI  HHI  rO(-HHI  HHHHI  HI  HHHrOI  HHHI  HI  HHH 

DOES  NOT  EXIST  iS 


MMI  I HHMf-'MMf-'MI  MH'H'HJ  MHf-'MMHM  |MI  MHM  OO 


o^ 


Table  3 

BIB  Designs  V/ith  v = 7 and 
All  Possible  Support  Sizes  V/hen 


o' 


'-Ti-fc'-fr4r-^v>Jv^vX\jj\j»rorotNiroMrororororo(-‘i-’i— i-'MHi-'i-'l-'Mi-'MHHi-' 
Cr^  O'UVOI  C^U1  d 4:r  4=-  CAU1 ' J1  4^  -pr  -prViJ  VjJ  v>.  V>1  0'\U'i  Ul  .f:r  4r-ui  VjJvjJvjJ  rOCxjf'jrOtN; 

on-<3  o^'01  -~o  cr-i-<i  O'nvji  -o  o^u■l  .^--o  c^-.5  — q o^u^  4=— cr>vji  .tro^ 


1 

1 

1 1 

1 1 Uivjn 

1 1 01  1 

1 I 1 Ul  1 1 

4 1 1 v_n  1 

1 oi 

1 1 1 1 

till 

1 vr 

-c 

DOES 

NOT 

EXIST 

CO 

DOES 

NOT 

EXIST 

VD 

DOES 

NOT 

e:{ist 

4-J 

c 

1 

! 

1 1 

1 ;— ' 

4=-  4r 

M I OT  1 

1 1 1 VJl  1 1 

4 4 4 -;=■  H 

H 4- 

1 1 1 1 

I 1 1 1 

1 O'! 

4-J 
1 J 

DOES 

NOT 

EXIST 

l-J 

ro 

-Pr 

1 

M 1 

1 1 

!-■  1 

4:r  1 H 1 

1 4^  1 

1 1 4 

4--4J  1 4 4 

1 4-J  JrOl  1 1 

I 1 4rH 

1 1 

4J 

04 

1 

. 

M 4=- 

4=-  1 

1 1 

HJ  1 1 1 

4-J  -fr  1 

1 4-J  4 

■tr  1 H -r-  4 

1 1 

1 1 1 4-J 

4-r  1 4=r  1 

|J  1 

1^ 

1 

1 

1 1 

H H-*  04  ^ M M 4^  1 

H 4-'  4 4T  1 I 

4 4 4 4^  H 

H 4-- 

1 1 1 1 

1111 

1 on 

l-J 

OI 

ITS  EXISTENCE  IS  DOUBTFUL 

l-J 

o^ 

1 

I 

H 4=- 

04  1 

1 M H'  1 K*  1 

4-J  04  1 

4 4-J  4 

4 H -i^  4 

1 ( 

1 1 4-J  H V>4  1 04  1 

ro  1 

4-J 

1 

1 

M H 

I 1 

H 4-'  04  1 ro  1 

1 V>4  1 

4 1 4 

-I=-H  4 H 4 

1 i-J  04  -4:^  H 4 

1 1 o4  4-J  H 1 

:j 

CO 

1 

1 H 

1 H 

l-<  H 

1 ro  K->  (->  04  1 1 

1 ro  4 

4-J  ro  4 04  4 

4 4 

ro  H 4^  I 

1 4-'  4-J  1 

OJ  1 

VCi 

I 

1 

M 4:-- 

M H 

I ro  1-j  1 04  M 

4-J  1 I 

4 4-J  4 

ro  ro  4-J  ro  4 

ro  1 

1 1 04  ro 

1 1 H 4->  04  1 1 

1 ro 
o 

1 

I 

1 H 

H H 

roo- 

j_i  l_i  04  H 

r-J  H 1 ^ * H 

4 4 4-J  Oi  4-J 

4-J  04 

1 1 1 H 

1 1 1 1 

M -t=- 

ro 

IJ 

V-N» 

1 

f\:  1 

1 1 

ro  M 

4-*  H M 1 

1 4-'  04 

1 ro  1 

ro  4-J  4-J  4 I 

H 4-J 

ro  ro  ro  1 

l-J  l-J  4-J  04 

1 1 

ro 

rj 

1 

1 

M M 

H i-' 

M ro 

ro  4-1  ro  4-j 

ro  4-'  4 ro  4-1  4-< 

4 4 ro  ro  4-< 

4-J  ro 

1 1 I ro 

1 1 1 1 

ro 

o- 

1 

H<  rOM 

H M 

ro  1 

ro  1 ro  ro 

4-J  H 1 

1 1 1 

l-J  v,>4  4-J  4 4-J 

4-J  4-J 

rouJ  1 H 

1 1 ro  4-J 

H M 

-f-- 

1 

M 

ro  tM  H 1 

ro  H 

H 1 4-'  f-J 

4-J  l-J  H 

1 ro  1 

ro  4-J  ro  ro  1 

4 4 

H H M i-» 

ro  1 ro  4-J 

ro  1 

ro 

VJl 

1 

M 

H H 

M H* 

i-'  1 ro  H 

4-J  H 1 

1 H 1 

ro  ro  4-J  ro  1 

4-J  4 

H H ro  H 

4-J  1 ro  i-< 

t\*j  1 

ro 

On 

1 

VJJ 

1 H 

M M 

H M 

1 ro  4-1  4-* 

r:  4-J  4 4-J  4-J  H 

4-J  4-"  4 04  4 j 

4 H 

M H ro  1 

H 4J  H 1 

t\*)  M 

ro 

-0 

1 

M 

H 1-' 

M 

H<  H 

l->  t\-;  4-J  4-< 

1 

2 
I 
I 

1 

2 

1 1 r J rq  4-J 

4->  H 

1 1 H M 

l-J  1 1 l-< 

r\%  ro 

to 

oo 

M 

1 

1 

2 

1 

1 

H'  M 

1-*  1 4-'  H 

4-J  4->  H 

4 4-J  4 

ro  ro  4-J  4-J  4 

H 4 

ro  H H 

l_i  l-J  M 4-J 

H*  1 

ro 

VO 

DOES 

NOT 

EXIST 

ow 

o 

(_>  t-> 

H>  H 

H 1 

ro  M 

l->  4-'  4-'  4-4 

2 

1 

1 

I 

I 

4-J  4-J  4-J  ro  4 

UJ  |_J 

H H H H 

1 J 1 ro  4J 

l-J  hJ 

|J 

DOES 

NOT 

EXIST 

O'! 

ro 

DOES 

NOT 

EXIST 

04 

V>4 

DOES 

NOT 

EXIST 

04 

■<=• 

1-' 

H M 

M M 

4-'  4->  H 4-J 

1 

I 

1 

1 

1 

1 

I 

I 

I 

I 

I 

l-J  l-J 

1 

I 

1 

I 

1 

1 

1 

1 

>-»  v-» 

V.M 

vn 

Table  ‘i 

BIB  Designs  V/lth  v - 7 and  ] 
All  Possible  Support  Sizes  V.'hen 
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4 . BIB  Des  if.^ns  With  v 


7'.  = 5 and  Support  Sizos  50,  52, 


55,  54, 


In  Section  5 v;e  pointed  oub  that  the  following  designs  do 
not  exist. 


Table  5 


Basic  Parameters 


Support  Size 

-X 


7 5b  5 5 5 
7 53  5 5 5 
7 53  3 5 3 
7 53  3 5 3 


50 

52 

55 

54 


Suppose  wo  hold  the  values  of  v,  K and  b as  given  in 
Table  Now  a question  of  interest  is,  can  we  construct 
such  designs  if  we  allow  the  value  of  b (hence  r and  x) 
increases,  i.e.,  can  we  construct  these  designs  if  we  are 
allowed  to  taKe  more  blocks . In  case  the  answer  is  affirma- 
tive then  what  is  the  minimum  value  of  b‘i  As  we  pointed 
out  before,  aixy  BIB  design  based  on  v = 7,  k = 5 has  b = 0 
(mod  7)  blocks.  Therefore^  we  are  interested  to  investigate 
the  existence  or  nonexistence  of  BIB  designs  with  v = 7, 
b = 42,  k = 5 v/hich  are  supported  on  exactly  50,  52,  55  and 
54  distinct  blocks.  In  case  b = ^2  is  small  we  would  like 


II  I II  ,,  iiiw- |--- 


to  search  for  such  design  with  higher  b's,  namely  h9,  56, 
etc.  Fortunately,  there  are  designs  with  support  size  50, 

5^,  and  35  needing  only  b = 42.  blocks.  Examples  of  such 
designs  are  displayed  in  Table  5.  The  three  designs  in  Table 
6 are  constrijcted  by  the  method  of  trade  off.  At  the  end 
of  this  section  we  shall  explain  the  ways  we  have  constructed 
these  designs.  Unfortunately,  there  is  no  design  with  b = 42 
and  b*  = 45  as  the  following  theorem  shows. 

Theorem  4.1.  The  following  two  designs  co-exist . 


d^: 


7 

7 


28 

42 


4 

o 


3 

3 


4 

6 


27 

34 


Proof:  By  taking  two  copies  of  the  complete  design  and  re- 

moving from  it  the  blocks  of  d^  we  obtain  a design  with 
parameters  of  d^ . A similar  argument  can  be  used  to  show 
that  dg  =>  d^  . 

Since  by  Theorem  3.1  no  design  with  parameters  of 
exists,  thus  no  design  with  parameters  of  d^  exists.  VJe 
have  not  been  able  to  show  the  existence  or  nonexistence 
of  a design  v;ith  support  size  34  with  49  blocks.  However, 
we  now  show  that  if  we  allow  to  take  b = 56  blocks  then 

we  can  have  a design  whose  support  size  is  34. 

2 2 

Consider  the  following  ^ 3.^  and  « Bj^. 
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1'25 

235 

125 

123 

157 

347 

136 

2 ^56 

146 

P 246 

234 

« 245 

247 

« 136 

, 256 

346 

345 

256 

146 

127 

■ h 

^1 

®2 

Thus  the  blocks  of  3^  together  vfith  blocks  of  are 

equivalent  for  covering  pairs  as  the  blocks  of  Bg  together 
v.’ith  blocks  of  B,,  . 


i_ 

of  copies 

of  copies 

125 

*•5 

U 

235 

1 

136 

1 

347 

1 

137 

1 

246 

1 

146 

1 2 

136 

1 

234 

1 « 

146 

1 

247 

1 

127 

1 

345 

1 

123 

1 

236 

i 

156 

T 

a. 

456 

1 

245 

1 

B^  and  Bg 

346 

B.j  and  B., 
c 4 

1 

Now  add  the 

following  . 21 

blocks  to  the 

complete  design 

(note  that  the  blocks  in  each  column  is  a BIB  design). 


125 

136 

456 

137 

234 

124 

146 

145 

135 

247 

127 

167 

345 

256 

347 

236 

357 

236 

567 

467 

257 

From  the  resulting  designs  remove  the  blocks  of  B^  and  Bg 
and  add  blocks  of  Bg  and  3^.  In  these  processes  ue  lose 
the  block  (1,2^5 j only  and  the  total  number  of  blocks  will 
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V/e  shall 

nov7  explain  in  detail 

the  way  the  designs  ex- 

; 

! • hibited  in  Table  6 v;ere  obtained  by 

the  method  of  trade  off. 

4 Design  with 

_ 1 

b = h2 

and  b^  = 30:. 

1 Step  1. 

1 

Add  the  follov/ing  BIB 

design  to  the  complete 

i 

1 design. 

1 ^ 

2 3 

3 5 6 

1 i 

f 

4 5 
6 7 

2 4 6 

3 4 7 

i ) 

t 

1 

T- 

{ 2 

1 

5 7 

i; 

i- 

J Step  2. 

Trade 

off  the  blocks  of  B^  with  blocks  of 

i 

T f 

in  the  resulting  design  in 

ii  ■ ^ 

Step  1. 

1 

2 3 

12  6 

1 

4 6 

136 

s 

®1  = ^ 
^ 2 

5 6 
3 s' 

B = ^ 5 

^ 234 

; 

2 

4 5 

2 3 5 

i 

3 

4 5 

456 

' . Since  B 

i and  b*  = 30. 

. 

2 

w B 
1 2 

the  net  result 

is  a design  with  b = 42 

' Design  with 

b = 42 

* 

and  b = 32 : 

Step  1. 

Add  the  follov;ing  BIB 

design  to  the  complete 

1 design. 

1 

2 7 

367 

1 

3 5 

234 

1 

4 6 

457 

2 

5 6 

L 

vie  close  this  section  with  the  following  Theorem. 


! 
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Theorem  4 »2 . If  there  exists  a a BIB  design  v;ith 

V = 7,  k = 3,  = 28, 

i 

v.’lth  no  block  repeated  more  than  tj-jice,  then  there  exists  a ! 

6.^}  a BIB  design  v:ith  ^ 

I 

V = 7,  k - 3,  bg  = 42,  b*  = b*  + 7. 

Proof : Take  two  copies  of  the  complete  design  based  on  v = 7, 
k = 3.  Delete  from  it  the  blocks  of  d-,  . The  resulting  de- 
sign has  the  parameters  of  dg . 

* 

Thus  the  existence  of  a d^  with  b^  = 23,  25,  2o,  27 
whose  blocks  are  repeated  not  more  often  than  twice  implies 


the  existence  of  dg  with  b^  = 42  and  b^  = 50,  32,  33,  34. 
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